where ⌈t⌉ = min[t, ∞) ∩ Z. Then an infinite word
N is called a mechanical word with slope α.
If α is irrational, then u α is aperiodic, and called a Sturmian word .
If α = p/q with gcd(p, q) = 1, then
Let β > 1 be fixed.
A function (·) β is defined to send each infinite word
. Singular functions
Four functions C(x), ?(x), F (x) and µ β (x) are all singular, i.e.,
Four functions C(x), ?(x), F (x) and µ β (x) are all singular, i.e., 
Theorem Let β > 1 be fixed. Then the strictly increasing function µ β (x) satisfies the following. 
Moreover, the integral can be computed by the above theorem. §. Symmetry in µ β (x)
Moreover, the integral can be computed by the above theorem.
. §. Lebesgue-Stieltjes measure
Lebesgue's Decomposition Theorem states that any σ-finite signed measure ν is decomposed into
where ν ac is absolutely continuous w.r.t. Lebesgue measure, ν sc is singular continuous, ν pp is discrete, i.e., a countable summation of point masses.
The Lebesgue-Stieltjes measures associated with C(x), ?(x), F (x), µ β (x) have no absolutely continuous parts.
Lebesgue-Stieltjes measure
Lebesgue-Stieltjes measure
We also write µ β for the Lebesgue-Stieltjes measure assoc. to µ β (x).
Theorem The measure µ β is discrete, more precisely,
where δ t is the Dirac measure and the summation runs over all reduced rationals in [0, 1).
Note. If β = 2, then µ β is a probability measure.
Given a measure ν, its mth moment M m is defined by
The moments of the measures induced by C(x), ?(x), F (x) and their asymptotics have been being well studied by many authors. §. Moment of µ β
Note that
and by Theorem that, for m ≥ 1,
To obtain a closed form formula for M m , we need some preliminaries.
The Bernoulli number B n is defined by
Then B 2k+1 = 0 for k ≥ 1, and the first few nonzero terms are
The polylogarithm Li n (z) of order s ∈ R is defined by
Li s (1) = ζ(s), where ζ(s) is the Riemann zeta function.
For integers −1 ≤ n ≤ 1, the polylogarithm is given by
Theorem If m ≥ 1 is odd, then Thank you!
